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1 A Covariant Formulation of the Maxwell Equations

1.1 Lorentz Transformations

Lorentz transformations® are the linear transformations from one spacetime coordinate system, or ref-

erence frame, S (with space and time coordinates ¢, z, y, z) to another reference frame S’, such that
the two frames are moving with a constant velocity v relative to one another. Intuitively, the inverse
transformation from 8’ to S is the Lorentz transformation with velocity —wv.

Similar to how reflections, rotations, and translations of the coordinate system in Euclidean space
preserve the Euclidean metric
=221 y? 422 =a? 1 y? 422,
the Lorentz transformations preserve the spacetime metric,
2= (ct)? —a? —y® =22 = (ct/)? —2"? — % = 22

A Lorentz transformation from S to S’ such that the two sets of axes are parallel (i.e. no rotational
change) is called a Lorentz boost. A boost in the x direction by a velocity v is characterised by

v
t'zv(t*gw), g =q@—-vt), Y=y, =z

where v = is the Lorentz factor. This can be written equivalently in terms of a dimen-

1

v
sionless velocity 8 = — such that v = , and the same boost is characterised by
c

_
Ny
ct' =vy(ct —Bz), ' =~(®—pct), VvV =y, 2=z

We can see more clearly now that the transformation rules for a boost are in terms of the components
of the spacetime metric 5. Instead of using the usual vector notation & = (x, v, z), which is really only
convenient in euclidean space, we can rewrite these equations in terms of four-vector notation, which
includes the time component.

!Named after Hendrik Lorentz (1853-1928). Despite being most well known for the Lorentz transformations under-
pinning Special Relativity, he won the 1902 Nobel Prize in Physics with Pieter Zeeman for the discovery of the Zeeman
effect.
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1.2 4-Vector Notation

Four-vector notation is similar to usual vector notation, except there are four components and we have
to account for the signs of terms. We can see that the spacetime metric has a minus sign on all of the
spatial terms. Relabelling the components of the spacetime metric as ¢t = xp,x = x1,y = 2,2 = T3,
we can write the spacetime metric as

5% = (20)? — (21)? — (22)* — (23)*.
If we now define a four vector as
z,, = (ct, —Z) = (xo, 1, T2, T3),

where p represents the components 0, 1,2, 3, we have what’s called a “covariant” vector with the index
lowered. We could almost write the spacetime metric as a dot product of two of these covariant four-
vectors, we just need to have a minus sign on the last three terms. We can accomplish this using
what’s called the metric tensor, which is really just a fancy name for a 4 x 4 matrix, defined as

1 0 0 0
o -1 0 o
910 0o -1 o0
0 0 0 -1

The components of this matrix are labelled g*”, where  and v range from 0 to 3. We see that unless
uw=rv, g" =0. What happens if we multiply our four-vector by this metric tensor? We get

1 0 0 0 To T ct
0 -1 0 0 1| || | =
0 0 -1 0 2o | |-z | |y
0 0 0 -1 T3 —x3 z

Which is just our initial four-vector with minus signs exactly where we need them! We call this a
“contravariant” four-vector, which is simply

" = (ct, T) = (20, 21, 22, 23).

Now, we can write the spacetime metric as a product not of two four-vectors, but a four-vector and a
four-vector multiplied by the metric tensor!

w\ /1 0 0 0\ [0 w0\ /o
Ty 0 -1 0 0 28 N T B e 2 - - ,
T2 0 0 -1 0 2o | T | 2o x| T (w0)” — (w1)” — (w2)” — (w3)".
T3 0 0 0 -1 T3 X3 —x3

Now, this is rather cumbersome to write out every single time, especially when so many components
are zero. Instead, we write this in terms of components of the four-vector and the metric tensor;

2 __ nv _ o
ST =Tug Ty =TT,

where we sum over repeated indices, as we would for a usual dot product of three-vectors:

3
a-b= E aibi = albl
i=1

In this case however, the dot product is over four indices, from zero, and the minus signs are included;

3 3

rpat = Z Ty ZQWCCV = zo(+w0) + x1(—w1) + 2o (—22) + 23(—23) = (20)* — (21)* — (w2)? — (23)*.
pn=0 v=0



We can also use this four-vector notation to rewrite our Lorentz transformation rules as
0 =y~ pat), o =o' - pa?)
with the other two components remaining unchanged. For a boost in an arbitrary direction, we have

—

S P -1 >
zy = y(zo — B+ T), 9L"=3L‘—&—(7 ﬁ-x—vxo)~6.

32
Note that Lorentz transformations are now defined as the linear transformations leaving the so-called
Minkowski product z,z* invariant. The components of 2’# are the transformed components of z*

such that
2 = Az’ = ALa® + Afat + Agx® + Az,

where we require ;,2"* = z,2#. Thus, we have

z, 2" = gt = gW(AZxa)(AZ:L’B) = xo‘xﬂAgAZgW.

Remember that this product must be invariant, so we have to have
Jap = AggwAZ.
In matrix notation, this would be g = ATgA. If we take the determinant, we get
det(g) = det(ATgA) = det(AT) det(g) det(A) = 1 = det(A).

Thus, we must have det(A) = 1. We can also find by taking the 00 component that we need [AJ]| > 1.
The Lorentz transformations form a group represented by the 4 x 4 matrices with determinant +1
and |AJ| > 1. We can define four categories of Lorentz transforms based on these two properties.
We will discuss the “proper orthochronous” Lorentz group, where the parity of the time and spatial
components are left unchanged.

1.3 The Field Strength Tensor

In vector notation, the Maxwell Equations are (in Gaussian cgs units)

10B

V-E=drp, VXE+-="=0,
P Xt c Ot
- o . 10E 47 -
V-B=0, VxB-—-—:= 7
% c ot J
Differentiating the first of these equations, we find

10 = 4w dp

V. =222

c ot c Ot’

- (o 5 10E\ dr- -
V- (VxB—-—-—|=—V-3J.
Since the divergence of a curl is zero, adding the two equations yields the continuity equation

ap B
c (at+v )—0.

We want to obtain a covariant formulation for these equations using four-vector notation. Noting that

0

-k -
w.] ) k_172a37

V-j=



-,

we can now rewrite the continuity equation using the four-current-density j* = (¢p,7) such that

0 o . )
@(CP) + ij = Ouj".

Thus, the continuity equation is simply
ouj" = 0.

0 - 0 =
Note that 0* = (8’ —V) and 0, = (ao,v) The upper index on 9 corresponds to a lower
i) €Z

index on e (and vice versa). This is because for a covariant position z,, the derivative will vary

x
o

inversely, i.e. contravariantly, so the operation 0* will be contravariant.

If we take a look at the homogenous equations, we see that

—

V-B=0 = B=VxA4,

for some vector field A. This is the property that a divergenceless vector field can be written as the
curl of another vector field, since V- (V x A) = 0. Substituting this into the last Maxwell Equation to
be used, we find

L. U - L 104
VXE+-—(VxA)=0 = Vx <E > =0.
c ot
Using yet another property of vector fields, we find that since the curl of this field is zero, we can write
it as the gradient of a scalar field

. 104 -
E+-—=-Vo¢.
+08t Ve
We now have the equations
B=VxAd B=-1%1_3,
c Ot

Substituting these into inhomogenous Maxwell equations, we find

oY

wn for some scalar field 1, then

L. L 1
Note that If we were to let A - A+ Vi and ¢ — ¢ — —
c

VX(A+VY)=VxA+VxVp=VxA

and similarly for E , since the curl of the gradient of any scalar field is zero. Thus, changing A and ¢ by

. - - o 10
these factors does not affect the physical E and B fields, however it does ensure that V- A + *5#? =,
c

which is called the Lorenz gauge condition?. Thus, we have the equations

2Note the name “Lorenz”, not “Lorentz”. Two different people! The Lorenz gauge is one particular choice of
Lorentz invariant gauges. It can be done because the Maxwell equations are overdetermined, so picking a gauge fixes
the redundant degrees of freedom. Other gauges are used often, one common example being the Coulomb gauge, where
V-A= 0, which is useful for far field radiation because gives the usual Poisson equation for ¢ from electrostatics. This
is offset however by a rather ugly expression for the charges. Regardless of the gauge, the same results will be obtained
for the physical system.
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We already have the four-current-density j# = (¢p, 7), so letting A* = ($, A) be a four-potential, we
have the Maxwell equations in the form

1 82 - 4
e = V) A = g,
(02 ot? > ¢’
This differential operator is known as the “d’Alembert operator”, or simply “d’Alembertian” and is

the Minkowski space equivalent of the Laplace operator. It is sometimes denoted by a box, making
the equation

L
c
We can write the d’Alembertian in the more useful form
1 9?2 - 292 0?
12 g @& 0 g0
c? ot? 2 0290z  Oxk0xy

Notice that in terms of the four-potential, the Lorenz gauge condition becomes

106 o= 0A°  QAk B}
cor TVAT G T gpr =0

so the Lorenz gauge condition is 9, A" = 0.

We can now see that with these definitions, we can compute the components of the E and B fields
easily. For example,

o 104 o _ 10 06 o g
E= c Ot Ve = B = c Ot or (074" - 0°A4T)
04, 04,

B=VxA = B, = = —(9%A' — ' A?%).

oy or
We define the Field Strength Tensor® as

0 —-E, —-E, —E.
E, 0 —B. B,
E, B. 0 -B,
E. -B, B, 0

FoP =9 AP — 9P A~ =

This rank two tensor (read: matrix) gives us all of the components of the physical electric and magnetic
fields in terms of the derivatives of the potentials. Neat! Notice that the field strength tensor is
antiymmetric and traceless:
FoB = _phe poa —,
We can define the covariant form of the field strength tensor using the metric tensor to pull down the
indices
Faﬁ = ga7955F76~

Computing the elements of Fi,g shows that it’s equivalent to swapping only the electric field compo-
nents of F°#. ie. F,p5 = F“5’E_>_E.

3Also called the electromagnetic tensor, electromagnetic field tensor, Faraday tensor, Maxwell bivector... so many
names...



We can reclaim the inhomogenous Maxwell equations as

4
8aFaB = ?]ﬂa

and the homogenous Maxwell equations as
O*FPT + 9P F1™ + 9 FP = 0.
We can also define the dual field strength tensor as
Gf = %50‘B75ng.

This simplifies the form of the homogenous Maxwell equations to an equivalent expression of the

inhomogenous equations
O*FPT + 9P 1™ + 9 F*P = 0,G*P = 0.

The dual field strength tensor is equivalent to swapping E — B and B — —E in F°5. Hence, it
corresponds to “magnetic currents”, which are not observed, hence the equation is homogenous.

It can be shown by arduous computation that the field strength tensor transforms under a Lorentz

transformation as
F'oP = NSNS F™.

This is unsurprising, as this is how all tensors transform. Indeed, mathematicians in their typical
tautological ways can define tensors as “things that transform like a tensor”.

This leads to the form of the transformed electric and magnetic fields

2

B =(E+§xB) - (5 B3,
— — — — ’)/2 - — =
B =n(B-FxE)~ (7 B)F.

In the case of a boost in the z direction, i.e. B= (8,0,0), we have
By =E\, Ej=+(E:—pBs), E;=~(Es;+pB2),

By =Bi, By=r(By+fE3), Bj=~(Bs—[Ey).

1.4 Lorentz Invariants

We've just seen how the field strength tensor transforms under a Lorentz transformation. However,
there are some constructions which are invariant under these transformations. These are the so-called

Lorentz scalars:
v v v
FHVF# ) GMVGM ) ELVG# .

Computing these (again, arduous computation), we get
F,, F* =2(E* - B?),
G,WG" = —F,, F" = —2(E* — B?),
G F" =4AB - E.

There are two indepenent quantities here, E2 — B2 and E - B. These are the two Lorentz invariants
for the physical fields. These have some important physical consequences:



1.IfE-B= 0, then E’- B’ =0 in all other reference frames. i.e. if the electric and magnetic fields
are perpendicular in one frame, they will be perpendicular in all frames.

2. If E2 = B2, then E”> = B, i.e. the magnitudes of the fields are always equal, or if |E\ < |§|,
then |E'| < |B'|.

0, then there exists a reference frame such that either E' =0or B = 0, depending on

1.5 Energy and Momentum of an EM Field
The work done by an EM field on a charge current is given by

P = / d*zj(Z,t) - E(,1).
\4

Here’s a thought: why doesn’t this depend on the magnetic field?

47> = = 10F - = c |l= = = 1~ OF
Mathematical Interlude:
6(5 X B) = vk(Ele)gklm
= [(VkE) B + E(ViBy)) €kim
=B-(VxE)—E-(VxB).
Thus,
- — C — - — = — — 1—* 3E
-F=—|B- (VXFE)-V(ExB)—-FE - —
JoBE= L |\B(VxB)-V(ExB)--F- |,
. - o 10B
but by Maxwell’s equations, V x E = e so we have
w4 ¢ | 153 0B = o = 1 OE
-FE=—|-—-B-— —-V(EXxB)—-E- —
471'[ c ot V(E % B) c ot
c 10 - o o
= 22 (e 32)— ExB
477{ 26815( + VIE x B)

The work done by the field is now
10 /= = C =, = =
P= | &7 | o (B4 B?) - V(B x B)|.
/V “ [87r ot + 4 ( )
Using Stokes’ theorem, we can write the second term as a surface integral to get

0 1, 5 = c I
P=-—— [ d&*%—- —(E*+ B?*) — — E x B) - hda.
0t 1% . 87'('( + ) 47 av( ) naa
This result is called Poynting’s theorem, and is eqiuivalent to conservation of energy. Defining the
Poynting vector as
- c

— (BB
(B x B),



and recalling the energy density is
]. — [y
U=— (E2 + B2) ,

we get
P=[dzF E=——

v

In differential form, this equation is
ou - L -
—4+VS=—-j-FE.

o " ’

In the absence of sources (.7 = 6), the rate of change of energy in a volume V is equal to the energy

flux through the surface 9V of V.
We can also look at the force exerted by the EM field on a charge and current density. This is

given by the Lorentz force law.
x B).

o 1%

ﬁ:/ B - B +
\%

For a single point charge at &, p(Z) = ¢6® (Z — #’) and the Lorentz force is

x B.

ol

F = qE +
Recalling that j* = (cp,f), if we let f# = F"j,, we find that
fO=F%j=E-j,
. . . = U
fF=F"j0 + F*ji = cpEy, — epim Bmji = {pE + = x B} :
k

This combines both the work and Lorentz force into the field strength tensor.

c
Using the fact that j# = 4—8,,F”“, we have
T
N . . c 7
fr=F"j, =Fj" = Ele/apry~
Using the product rule and the previous cyclic result for the field strength tensor, we can write this as

= —c0"TF,

¢ {a,,(FyFﬂy) - i@“(F””FuP)}

w_ &
f 47
where T# is the stress-energy-momentum tensor, or stress-energy tensor for short.
TH — 1 FHEP _ lgquFo
v A prv 4 viotp | "
We find that L
Too = — (E? + B?) = U,
T

i 1 1 = =
=1 |:EiEj + BiBj — 50 (E2 + 32)] = 0ij,

the last equation being the Maxwell stress tensor for an EM field. I think these equations make the

choice of name - “stress-energy-momentum tensor” - quite obvious.



2 Solutions to the Covariant Maxwell Equations

2.1 Homogenous Solutions

We now have a covariant formulation for the Maxwell equations

4
8HFNV = %jua

OuG" =0 = OMF"P + 0" FPH 4 0P FM =0,
and we can now attempt to find solutions to these equations. Acting on the homogenous equation

with 0, we find
Ou(OHF"P) + 0¥ (0, FPH*) + 0P (0, F*) = 0.

Recognising that 0, F'** = —0,,F'** and using the inhomogenous equation, we get
4 4
0,0"F" — Lo jr + Zorj = 0.
c c
The quantity 9,0* is the d’Alembert box operator, so we have
4
OFve = ZL(gv5° — 9°5v).
c
Each component of F? satisfies this differential equation. e.g.

47 . . 47 1074, 1 971
P10 _ O, — 10 401\ _ 1 _ 4 __ v ~9n
= T CRACED c <8 (cp) 08t> 47T< vtz at)’

(Vij2 — Vai').

47 ) ) 4
OF"Y? = -0B; = — (8'5% - 0%5") = -

These examples imply that
, - 18§

OF =—-4n( Vp+ == ),
W( Pt c? 8t>

L dr . L

OB = -2V x J.

c
If we now consider the four-potential A* = (¢, /T), we have

4
FHY — P AY — 8VA/L7 8MF/J,V _ lju’
C

== 4%]'” =0, (0" A" — 0V A*) = 0, 0" AY — 0" (0, AH).

Recalling the Lorenz gauge condition 9, A* = 0, we have

_47r
T

47'('—,»

0AY §Y, = O¢=4rp, OA=—Jj
C

These are wave equations of the form

1 9?2

(7, t) = (@aﬁ - 62> W(Z,t) = AT f(T,1).

If we consider the homogenous equation, where j# = 0 <= f(&,t) = 0, we have
Oy(#,t) =0

which is the wave equation for an electromagnetic field in vacuum. The solutions are the monochro-
matic plane waves

w(:a t) — e—i(E~i’iwt)

corresponding to waves moving in the :F% direction.



2.2 Green’s Functions and the Inhomogenous Wave Equation

Perhaps the most general way of thinking about solving equations such as the inhomogenous wave
equation (in terms of the four-vector x)

Oi(z) = 4r f(x)

is to consider a Green’s function. Finding a Green’s function of a differential operator is basically
equivalent to finding an inverse operator. In the case of matrices and vectors, one could imagine
having the equation

Av=1u

where only A and @ are known. If we can find A~!, then since AA~! = I, we know
A(A™Y0) = Ti = 1,

which implies that A='% is a solution of the equation A¥ = @. We can use a similar technique for
the case of differential operators, which are linear operators like matrices. If we consider the wave
equation, a Green’s function Dy for the d’Alembert operator will satisfy

ODo(x — 2') = 6W (z — 2'),
which would mean that
() = /Do(x — 2/ )an f(z)d*s’
is as solution, since

O / Do(z — 2')an f(2')d s’ = / ODo(x — 2')dx f (') d s = / 6 (x — 2 Var f(a')d s = an f(2).

In general a Green’s function will not be unique, and indeed we find two Green’s functions for this
wave equation

B iiisin |k|zo
D) = 0e0) [ e <|EI )

where O(z) is the Heavyside step function. The naming schemes will become clearer when we discuss
the properties of each. We can explicitly evaluate these Green’s functions to find

1
Ar|% — &

_ 1
 An|E - 7|

)

Dret(x - :E/) = 6((I0 - 1‘6) - |f_ f/Da

Daqv(z) = Dret(—2) 8((wo — xp) + & — ).

These Green’s functions measure the response* felt at a point (x¢,#) from the field generated at the
point (z(, ). Note that this fluctuation of the field travels through both space and time. The retarded
Green’s function measures responses propagating forward in time, i.e. ¢ — ¢ > 0 and the advanced
Green’s function measures responses propagating backwards in time, i.e. t —# < 0.5

4The Green’s function is in fact exactly a measure of how the system responds to an instantaneous pulse, hence the
use of a delta function. It is also called a two-point correlation function, or “propagator” in QFT, since it measures the
response to a fluctutation at one point in spacetime at a second point in spacetime, i.e. how a wave “propagates”.

5The advanced Green’s function may seem unphysical, since we usually take initial conditions and want to see how
a system evolves forward in time. It is actually used when we know the end state of a system and want to see where
the field came from. These are the kinds of calculations used in particle colliders like those at CERN, where the end
products and fields of particle collisions is known and one wants to work backwards to find the different interactions that
took place. Of course, this treatment must usually done using a Quantum Field Theory, rather than a Classical Field
Theory.

10



Defining a retarded time ¢, =t — %|5c' — 7’|, we can write the retarded Green’s function as

S(tpes — 1)
Diet(F— Tt —t) = ————=.
et (=Tt =) = e
Similarly, an advanced time t,q, =t + %|§:’ — 7| yields
S(tady — t')
Dage(@— &t — 1)) = 2adv =2 )
aar(@ =Tt =) = e

3 Moving Point Charges

3.1 Liénard-Weichert Potential

Now that we have an expression for our Green’s functions, we can attempt to find solutions of the

inhomogenous Maxwell equations

OA*(z) = 4%]'”(1”).

We can find solutions if j#(z) is known. One very important case is that of a moving point charge,
where
p(T,t) = g8 (& = 7(1)),
J(@,t) = qi(t)s™ (& — 7(1)),
where 7(t) is the trajectory of the point charge and ¥(t) is its velocity. Defining a four-velocity
UH = (¢,9(t)), we can write these equations as

-,

i*(x) = (p.]) %U%Wf— 7(t)).

Introducing the four-trajectory r#(7) parametrised by the proper time 7 of the point charge such that

r0(1) = ct, r*(1) = 7 (t), we have, with dr = %,

3
H(x) = / %(t — 1TO(T)) I 6Cx = r*(r)uH(r) = qc/d75(4) (x — r(1))U*(7).
k=1

Yy c

However, we know that the solutions to the wave equation are given by
47
At(x) = — /Dret(x — /)i (2" )d
c
so we have the equation

At (z) = qc%r /d4x’Dret(x - x’)/d75(4) (' — r(7))U"(T)

= 4™ [ k! (o — h)ol(a — ') / dr6 ™ (&' — r(r))U*(r)

.y / 470y — ro(7))8[(x — r(r) | U (7).

Noting that we only get contributions to A* when (z — r(79))? = 0 in the delta function for some 7,
we can find the contributing values using the generalised scaling property of the Dirac delta,

/f(fﬂ)5(g(x))dg:: 3 S (i)

Rl

This yields the equation
qU" (7o)
At (x) =
)= Gt — ()
which is the Liénard-Weichert Potential. From this, we can compute the E and B fields due to the
moving point charge.

11



3.2 Generated Electromagnetic Fields

Now that we know the four-potential A#(x) for a moving point charge, called the Liénard-Weichert
potential, we can find the electric and magnetic fields from the field strength tensor

=orAY — 0V A",
Using our expression for A#(x), we can find by using integration by parts and the chain rule that

% {(z - rm)g(; - (,iT))Z(T))VUmu] ,

Noting as before that the only contribution comes from (z — r(7p))? = 0, we have

. g A [(x = r(@) U — (2 — r(r)) U
P (@) Up<To><x—r<m>>rhodT[ U, (M@ — (7)) }

For a particle trajectory r#(7), 7°(79) = ctyer. Defining the quantity R = |z — 7(79)|, we have

F(z) = 2 / 4760 — ro(r))5](x — 1(7))?)

(x —r(m))* = R(1,7n)
for a unit vector n. Also, we have from its definition

> du+

Ur = V(Ca 6) = ’YC(l, ) = W = ’YC(’Ya’Yg‘i‘ 'Yg)

We thus have . .
Up(z —1(7))” = vc(1,8) - R(1,7) = yeR(1 — B - 7).

Evaluated at t,et, the electric field is given by

q . -, q o= -, -
= (- Bt ———— (A B~ B~ (1 - F-2)By)
R*2(1— - ﬁ):%( ) Re(1—3-a) ( ( )
velocity field component acceleration field component

This can also be written as

q - q o o 7
Ek:ﬁ(n—ﬁ)k—&—ﬁ{nx(n— ) x 3]

3.3 The Relativistic Larmor Formula
This expression for the electric field leads to an equation for the power radiated by the moving charge,
2¢% s 44
Pt)= 3L [0 (2= @ = B?)] .
C tret

which is the relativistic Larmor formula for the power radiated, including relativistic effects. It can
also be written in terms of the four-momentum p# = (%, p) as

2 ¢ {dp,t dp”}

P(t)=—=
(*) 3m2c¢3 | dr dr

In the non-relativistic limit, | ¢l | << 1, the equation becomes

03\[\9

P(t) ~

qa
—p
c



There are some special cases of the Larmor formula, one being that of linear motion where the velocity

and acceleration are parallel, i.e. 3 I 3. In this case,

. 2
P =508, =3 (%)

3c 7 e 2m2c3 \ dx

tret

This gives the power radiated/lost per distance travelled due to rectilinear motion. We see that accel-
erating a charge has an added cost to overcome energy loss due to the particle’s motion.

Another special case is circular motion, where the velocity and acceleration are perpendicular, i.e.
B1 3 = B-5=0.In this case, v = |0] = wr is constant. If the velocity is

¥(t) = (r cos(wt), rsin(wt), 0),

we have #(t) = —w2(t) and thus

The loss of energy per period is
2 4 4
AE = ip(t) — £q253l.
w 3 T

Classically, an electron orbiting in an atom would be unstable. It was postulated that the electron
would radiate no energy in order to keep a stable orbit. The need for this assumption was removed by
treating the energies of electrons quantum mechanically, with fixed angular momentum.

3.4 Angular Distribution of Radiation

The energy radiated in an area R2dS) is given by d€ = [S - 1iR%,,,, dQdt et

- L N 2 dp
—_— = ‘N 1— 7 dt: 7dt.
— o= Ear - Faa= [

1

—

where we have used et = (1 — - 7)t. Supposing that B and 3 vary slowly over this time interval, we
have

i dP ¢ [ ((h-B)x B)?

For linear motion, 5 I E, the radiation in direction 7 making an angle 6 with the direction of motion
is . .

dP %82 sin? # 2612 . 24

— = ~ sin® 6.

dQ dre (1 — Beosh)® p<<1 4mc

3.5 The Case of a General Source Charge

-,

We now consider the radiation from a general source j* = (¢p, 7). The solution to the wave equation
for this source is

4
(@) = 7 [ ' Dyl = ) (),
c
so we have .
pret(fat):/ds_)/w ﬁ,|p(t—%‘f—f’|7f’)7




In the far field, for r := |Z] >> |7’|, we have

re
Using the continuity equation p + V.j= 0, we have
S 1d
Aot (8, %) = — 3 p(t — L.

re dt
However, this integral is simply the electric dipole moment for the charge density p. Thus,
- . 1 2
Aot (t, T) ~ Ed(t -I).
From this we can find the electric and magnetic fields to be
1 5

Eﬁ X d(t — %),

B~ —
-, . — 1 R A -
EZ*CHXB:@nX(nXd(tfg)
The radiated power is found from the Poynting vector and is
H2 .

L axdPa

4 T Amr2e?

Since S || 7, the power is radiated radially, but not uniformly. Assuming the dipole oscillates in the
z-direction, then

= 1 2 . 9
S = gy 2|cﬂ sin® On
The total power radiated is
2
- 2|d
P= /d2F~ S = Q
c

4 Electromagnetism in Linear Media

4.1 The Displacement and Magnetising Fields

Up to now, we’ve been considering the Maxwell equations in a vacuum,

v.-E=L, V.B=o,
€o
L. 0B - . OF
E=-2 B = oj 7z
V x TR V x HoJ + Ho€o 5

Defining the displacement field D= eoE+P where P= soxeﬁ is the polarisation of the linear medium,

— 1 — — — ]. m = . . .
and defining the magnetising field H = — B — M where M = — X+ T B is the magnetisation of the
Ho Ho Xm
linear medium, we have L
VD =pgee, V-B=0,
o 0B - - - oD
VxE=— VXxH=ju —_—
o’ Jfree + ot

Note that pgee and jfree are the free current density and current not bound by the medium, y. is
the electric susceptibility, and y,, is the magnetic susceptibility. We can also write these in terms of
€ = (1 4+ xe)€0, the permittivity of the medium, and pu = (1 + x.m ) o, the permeability of the medium
to get

D=c¢E, H=-B.

==
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4.2 Waves in Dielectric Media

In insulators and dielectric media, pgee = 0 and ;free =0. Thus, we have

V-E=0, V-B=0,

Differentiating the third equation and substituting for the fourth, we find expressions for the wave
equation for £ and B;
0’E

Moo — V2E =0, pe—mp —V2B=0,

1
where the wave velocity is v = ——. We can find the solutions to these wave equations with the ansatz
e

—

E(#,t) = Bpe!F#0),

however we must remember that the physical electric field is the real part of this expression. Inserting
the plane wave ansatz, we find

1, . e - w?
—ﬁ(—zw)Q —(ik)? =0 = k*= e

We can find from the Maxwell equations that

V-E—= k-E=0, V-B=0 = k-B=0.
Thus, the wavevector k is orthogonal to both E and B , which are also orthogonal to each other. Note
also that since B = k x F, the magnetic field is entirely determined by the electric field.

4.3 Polarisation of Plane Waves
If we choose k to be along the z-axis, then we have Ey = (Eo,z, Eo,y,0), where
Eou = |Bosle™®,  Eoy = |Eoyle ).

We now distinguish some cases:

1. Linear polarisation: § =0 or § = 7. We have

Re[E(Z,1)] = (|Fo.x|# + | Eoy|f) cos(kz — wt + ).
2. Circular polarisation: § = :I:g. For |Ey 5| = |Eo,y| = Eo, we have

Re[E(Z,1)] = Eo(d cos(kz — wt + ¢) F §sin(kz — wt + ).

7r T
A phase offset of § = 5 corresponds to right-circular polarisation, and § = —— corresponds to

left-circular poalrisation.
3. Elliptic polarisation: § = :I:g7 with |Eo »| # |Eo,yl-
4. Tilted elliptic polarisation: § takes an arbitrary value and |Ey .| # |Eo,,|. The ellipse is tilted

away from being perpendicular to the z-axis.
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4.4 Energy Transport in Plane Waves

In SI units, the Poynting vector in a medium is given by

R
S=FExH=—-FExB.
I
The energy density is given by
1 /0 = = = 1/1 - .
Z/I:f(H-B+E~B) = S (=B?+eE?).
2 linear media 2 M

Both of these equations assume that we have already taken the real parts of E and B , since in general
Re[E] x Re[B] # Re[E x B].

If the time dependence of a quantity is harmonic, i.e. o €**, which is the case for the electric and
magnetic fields, then we can use time averaging over one period of oscillation, 7. We define a time
average

With this definition, we have

Re[F] - Re[B] = %Re[ﬁ B,

Thus, we have

al 1 o F7 1 n o]
<S> - §RG[E x H Iinca:mcdia ﬂRe[E x B ]’
U = Relfd B +E-5 =  L(LBp+eEP
o 4 linear_media 4 7 ¢

Note also that
<§> = Uk.

4.5 Reflection and Transmission

At the interface of a two linear dielectric media, e.g. air and glass, air and water, etc. with wave
velocities v; and vy, we have an incident, reflected, and transmitted wave given by

I;/:IRT = N
— X E[’R’T(l‘,f).

o - o i(k T—w t 53 -
EI,R,T(x7 t) EO,I,R,Te (kr,r.7 LR )7 BI,R,T(:L.; t) v
1,1,2

The integral form of the Maxwell equations and the conditions that the waves must be continuous at
the boundary give the results
Wy =WR =W (= W,

EI, kr, kr all in the same plane (First Law of Optics),
kr =kr = sinfr =sinf; (Law of Reflection),

. . ny  sinfr
krsinfy = krsinfyr — — = —
o sin 0

Snell’s Law of Refraction,

c
where n = — is the refractive index of the medium.
v
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